Abstract: We discuss the modified gravity which includes negative and positive powers of the curvature and which provides the gravitational dark energy. It is shown that in GR plus the term containing negative power of the curvature the cosmic speed-up may be achieved, while the effective phantom phase (with w less than −1) follows when such term contains the fractional positive power of the curvature. The minimal coupling with matter makes the situation more interesting: even 1/R theory coupled with the usual ideal fliud may describe the (effective phantom) dark energy. The account of R 2 term (consistent modified gravity) may help to escape of cosmic doomsday. * Also at TSPU, Tomsk, Russia
Introduction
The interpretation of the very recent observational data indicates that current universe is flat and is in accelerating expansion which started about five billion years ago. The important characteristic of the (accelerated) expansion is so-called "equation of state" parameter w (for dominant energy density contribution) which is the relation between the pressure and the energy density of the universe. It is estimated that about 70 percent of universe energy density is composed of some mysterious effective fluid (dark energy which rules the universe) with negative pressure and w being close to −1. Despite the number of efforts we are still far away from the theoretical understanding of dark energy and its origin.
The very promising approach to dark energy is related with the (phenomenological) modifications of Einstein gravity in such a way, that it would give the gravitational alternative to dark energy. Conceptually, it looks very attractive as then the presence of dark energy is only the consequence of the universe expansion. One such model containing 1/R term (which may originate from M-theory [2] ) was proposed in ref. [1] as gravitational alternative for dark energy. Modified gravity describes the accelerated expansion but it contains number of instabilities [3] . Nevertheless, further modification of the model by R 2 -term [4] or ln R-term [5] (see also [6] ) leads to consistent modified gravity which may pass solar system tests and is free of the instabilities.
1 One may consider other generalizations like ones including the positive (negative) powers of Ricci tensor squared [8] , coupling of f (R) theory with scalar [9, 10] , multidimensional 1/R theory [11] or even more extravagant (non-symmetric) gravity (for recent discussion, see [12] ). Definitely, various predictions of consistent modified gravity should be tested. In its own turn, these tests may suggest further modifications giving true description of an observable universe.
The present work is devoted to further study of the properties of modified gravity which contains positive and negative powers of the curvature. It is demonstrated that (effective phantom) dark energy cosmological solutions for the model naturally contain the finite-time, sudden singularity in the future (section 2). However, the consistent modified gravity with negative (or positive, fractional) powers of the curvature as well as with R 2 term has more stable future history. The cosmic doomsday does not occur there, rather the universe ends up in deSitter phase. In the third section it is considered the coupling of modified gravity with the usual matter. The very interesting observation shows that in such unified framework it is easier to realize various types of effectively dark energy universe. In summary, some outlook is given.
Sudden future singularity in modified gravity
Let us start from the general model of gravity depending only on curvature:
Here f (R) can be an arbitrary function. By introducing the auxilliary fields A, B, one may rewrite the action (2.1) as S =
equation of motion and deleting B one arrives at the Jordan frame action. Using the conformal transformation g µν → e σ g µν with σ = − ln f ′ (A), we obtain the Einstein frame action [4] :
Note that two such theories in these frames are mathematically equivalent. However, physics seems to be different. For instance, in Einstein frame the matter does not freely fall along the geodesics which is well-established fact.
As an interesting example the action of (large distances) modified gravity may be taken in the following form
Here γ is (an extremely small) coupling constant and n is some number. Since the function f (A) and the scalar field σ are
the potential is given by
When curvature (∼ A) is small and n > −1 and n = 0, the potential behaves as an exponential function V ∼
σ . On the other side, when the curvature is large, it follows
, V (A) has only one extremum when
. The FRW universe metric in the Einstein frame is chosen as ds
If the curvature is small, the solution of equation of motion
. The FRW universe metric in Jordan frame is ds
, where the variables in the Einstein frame and in the physical Jordan frame are related with each other by t = e
The first important consequence of above Eq.(2.7) is that there is possibility of accelerated expansion for some choices of n (effective quintessence). In fact if n >
, we find w < − 2 In other words, modified gravity presents the gravitational alternative for dark energy with the possibility of cosmic speed-up. The corresponding analysis was given in detail in ref. [5] .
If w < −1, the universe is shrinking in the expression of a (2.7). If we replace the direction of time by changing t by −t, the universe is expanding but t should be considered to be negative so that the scale factor a should be real. Then there appears a singularity at t = 0, where the scale factor a diverges as a ∼ (−t) 2 3(w+1) . One may shift the origin of the time by further changing −t with t s − t. Hence, in the present universe, t should be less than t s and there will appear the singularity at t = t s : a ∼ (t s − t) , it follows w < −1 when −1 < n < − (the effective phantom phase for fractional positive power of the curvature). Here it is assumed n > −1, so that the Einstein term dominates in (2.5) when the curvature t , where h 0 is a constant of the unity order. There is an ambiguity how to choose t in H. One natural choice is to take t to be of the order of the age T of the present universe. Since T ∼ 1.37 × 10 10 years ∼ 10 −33 eV −1 , we find H ∼ 10 −33 eV, which is consistent with the observed value of H in the present universe: H observed ∼ 70 km s −1 Mpc −1 ∼ 10 −33 eV. Then even if the original Lagrangian theory does not contain small parameter of the order of the Hubble parameter, such a small scale is naturally induced from the age of the universe in the power law expansion (2.7).
is small. We should also note when n > 0, as
> 0, w is always greater than −1. Then the theory with negative power of the curvature like 1 R -gravity does not produce effective phantom although it may produce effective quintessence.
The results (2.7) are valid when the curvature is small but near the Big Rip singularity, the curvature becomes large and (2.7) is not valid. The qualitative behavior when the curvature is large can be found from the potential.
The qualitative behavior of the potential when −1 < n < − 1 2
and γ > 0 is given in Figure 1a) . In order that σ is real, however, Eq.(2.5) tells R ∼ A > (−nγ) 1 n+1 . Then the curvature cannot be small and the expressions (2.7) are not valid. When A < (−nγ) 1 n+1 , instead of (2.5), one may define σ = − ln (−1 − nγA −n−1 ). As shown in [5] , however, the anti-gravity appears in this case and instead of (2.2), we obtain
and γ > 0, the region
is not physical. Then we should assume γ < 0. In case −1 < n < − 1 2
and γ < 0, there does not appear the extremum in the potential if curvature is positive. The qualitative behavior of the potential is given in Figure 1b) . The Eq.(2.6) shows that the potential is negative and is unbounded below when A is large. In order to consider the region where the curvature is large for the case −1 < n < − 1 2 and γ < 0, the following potential is taken
The σ-equation of motion and the FRW equation in the Einstein frame are 0 = −3
A consistent solution is given by
Here t sE is a constant of integration. Since −1 < n < − 1 2 , it follows 0 < β < 2 3 . The spacetime in the Einstein frame is flat and the scale factor a E = a 0 is a constant what is not the case in the physical Jordan frame, where they are finite even at t E = t sE although there is a cut singularity there. The cut singularity, however, makes the physical curvature divergent. In fact, when t E ∼ t sE , t is given by t = t s + t E − t sE with a constant of the integration t s . In the Jordan frame, the scale factor a is given by a(t) ∼ a 0 e 
< 0, H diverges at t = t s as well as the scalar curvature R = 6 dH dt
+ 12H
2 . In case of the Big Rip singularity, H behaves as H ∼ h 0 ts−t . Hence, the behavior of H is a bit milder. In case of the Barrow model [13] (see also [14] 
α with constant h 0 and h 1 . As 0 < α < 1, the behavior of H here is more singular than that in [13] . It is interesting to note that for the model [13] , the singularity becomes milder (or even disappears) if the quantum corrections are taken into account [15] . Note also that usual, infinite-time singularity is still possible even in consistent modified gravity (for earlier, related discussion of infinite time, future singularity in f (R) gravity, see [16] ).
In accord with the proposal of ref. [4] one may add a term proportional to R 2 to the action (2.4)
In this situation the unified theory permits early time inflation as well as late time acceleration and does not contain the number of instabilities. The function f (A) (2.5) is modified to be f (A) = A − γA −n + ηA 2 . We now assume −1 < n < − 1 2
, γ < 0, and η > 0. Then σ = − ln (1 + nγA −n−1 + 2ηA). Although 1+nγA −n−1 +2ηA > 0, since
, there is a branch point, where
. The potential V (A) has the following form:
The behavior when A is small is not changed from the case in (2.4). On the other hand, when A is large, V (A) goes to a constant:
. The potential V (A)
has an extremum at
Since there is a branch point at σ = σ 0 ,if we start from the small curvature, the growth of the curvature stops at R = A 0 , where σ = σ 0 . In fact, at the branch point, where f ′′ (A) = 0, the mass m σ of σ becomes infinite since m σ ∝
Then the growth of σ is finished at σ = σ 0 . Hence, adding R 2 term, there does not occur cosmic doomsday but the universe ends up in deSitter phase.
The scale factor a is given by a(t) ∼ a 0 e t A 0 12 with a constant a 0 . Note that the quantities in the Einstein frame are different from those in the Jordan frame by almost constant factor as a E ∼ e σ 0 2 or dt E ∼ e σ 0 2 dt. This supports our point of view that cosmic doomsday in such theory does not occur because after the late time acceleration the universe starts new inflationary era. It is also important to stress that as the mass of σ becomes very large, there is no problem about the equivalence principle since σ cannot mediate the force. In other words, unlike to BD theory, such a model may pass the solar system test provided by VLBI experiment.
Modified gravity coupled with matter
It is very interesting that modified gravity which can be made consistent one [4] may help in the resolution of dark energy problem in various ways as it suggests gravitational alternative for dark energy. In particular, as we will show below it may give phantom dark energy without necessity to introduce the (negative kinetic energy) phantom scalar theory. In fact, the matter is taken to be the usual ideal fluid.
We now consider the system of the modified gravity coupled with matter:
Here f (R) is an adequate function of the scalar curvature and L m is a matter Lagrangian. Then the equation of the motion is given by 0 = 1 2
T µν . Again, the FRW spacetime is considered. The ideal fluid is taken as the matter with the constant w: p = wρ. Then from the energy conservation law it follows ρ = ρ 0 a −3(1+w) . In a some limit, strong cuvature or weak one, f (R) may behave as f (R) ∼ f 0 R α , with constant f 0 and α. An exact solution of the equation of motion is found to be a = a 0 t h 0 , h 0 ≡ 2α 3(1 + w) , in the Einstein gravity is reproduced. Note that stability issue should be carefully investigated here. However, even if the solution is instable the decay time could be very big due to the fact that coupling constant of modified gravity term is very small. From another side, when finite-time future singularity occurs it may be resolved by the account of quantum effects [15, 5] .
future, more precise astrophysical/gravitational data will prove if it is the time for new gravitational physics to enter the game.
